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The set Vi of all n-tuples (x,, xz,..., x,) with xi E E, is considered. The problem 
treated in this paper is determining o(n, k), the minimum size of a set WC_ Vi such 
that for each x in Vi, there is an element in W that differs from x in at most one 
coordinate. By using a new constructive method, it is shown that u(n, p) < 
(p-t + 1)~“~‘, where p is a prime and n = 1 + t(p’-’ - l)/(p - 1) for some 
integers t and r. The same method also gives ~(7, 3) < 216. Another construction 
gives the inequality u(n. kt) & o(n, k)t”-’ which implies that o(q + 1, qt) = qq-‘tq 
when 4 is a prime power. By proving another inequality o(np + 1. p) < 
U(M, p)p”‘P~“, ~(10, 3) < 5 36 and ~(16, 5) < 13 512 are obtained. 
1. INTRODUCTION 
Let Vi denote the set of all n-tuples or points (x,, x2,..., x,) with xi E Z, = 
{O, l,.... k - 1). We define the Hamming distance d(x, y) of x E Vz and 
y E VV: to be the number of places in which the two n-tuples differ. With 
this definition, Vi is a metric space. If x E Vg, then we define B(x), the rook 
domain of x, by 
A subset W of Vi is called a covering (by rook domains) if 
v; = 0 B(x). 
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In other words, W covers V: if each point of Vz is at a distance <l from 
some point in W. 
We are interested in bounds on the number of points in a minimal 
covering of Vi, to be denoted by o(n, k). Points of W are also called rooks. 
Since each rook domain contains 1 + n(k- 1) points, we get a(n, k) > 
k”/(l + n(k- 1)). E quality can be obtained if k is a prime power and k” is 
divisible by 1 + n(k - 1). Rodemich [3] proved that this bound can be 
improved to u(n, k) > k”-‘/(n - 1) in the case k > n. The case where k = 3 
is also called The football pool problem [ 11. In [ 1, 21 Kamps and van Lint 
proved that a(5, 3) = 27 and a(9, 3) < 2 . 36. 
Theorem 2.1 generalizes the method of Kamps and van Lint. Thus, 
Theorem 2.2 represents another generalization of their result. Moreover, we 
can also construct a better covering for Vi and show that ~(7, 3) < 216. By 
using another construction, we show that a(n, kt) < a(n, k)t”- ’ for any n, k, 
and t. This construction implies that o(q + 1, qt) = q4-‘t4 for any prime 
power q and any t. Thus, we know the exact values for another infinite 
family of a(n, k)‘s. 
In Section 4, we prove the inequality u(np + 1, p) < u(n, p)p”Cppl) whenp 
is a prime. The inequality implies that a( 10, 3) ,< 5 + 36 and a( 16, 5) < 
13 . 5i2. 
2. THE METHOD OF KAMPS AND VAN LINT 
In this section, we generalize the method of Kamps and van Lint [2] 
which was used to prove that ~(9, 3) < 2 . 36. Let A = (I; M) = (a, ,..., a,) be 
a r x n matrix where I is the r x r identity matrix and M is a r x (n - r) 
matrix with entries from L,. All arithmetic is taken module k. A subset S of 
V; is said to cover VL using A if 
VL = {s + czai 1 s E S, a E Z,, 1 < i < n}. 
Thus a covering by rook domains corresponds to a cover using the identity 
matrix. 
THEOREM 2.1. If S is a covering of VL using a r x n mawix A = (I; M) 
then W = (w E VlI Aw E S} is a covering of Vf by rook domains and 1 WI = 
/S/e k”-‘. 
Proof. Take x E Vi. Since Ax E VL, there exist s, a, and i such that 
Ax = s + aai. Let ei denote the ith unit vector in Vz. Then 
A(x - aeJ = s E S. Hence x - crei E W and d(x, x - aeJ < 1. Therefore, W 
covers Vz by rook domains. To find W, we denote an n-tuple in Vi by (u: v), 
where u represents the first r components and v represents the last (n - r) 
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components. Thus A(u; v)’ = (P, M)(u; v)’ = u + Mv E VL. For each s E S 
we can choose v arbitrarily and choose u to be s - Mv to obtain a 
(u; v) E W. There exist k”-’ choices for v and hence, ( W( = ) S ( . k”-‘. 1 
THEOREM 2.2. If k=p is u prime and n= 1 +t. (p’-‘- l)/(p- 1) 
forsomeintegersp~t>Oandr>l,thena(n,p)~(p-t+l)p”~‘. 
ProoJ: We let S= (s~=(O,O,...,O,~)E V;iO,<j<p-t}. Thus ISI= 
p-t + 1. To construct the matrix A, we start from the (p’-’ - l)/(p - 1) 
projective nonzero vectors in Vi-‘, whose first nonzero component is a 1. 
For each of these vectors in I’:-‘, say x, we construct t columns of A, 
namely (x; i)‘, where 0 < i< t - 1. Thus we have t(p’-’ - l)/(p - 1) 
columns. For the last column we take e, = (0, O,..., 0, 1)‘. It is clear that the 
columns of A contain all the unit vectors from VL and A can be permuted to 
a form required by Theorem 2.1. Now, we claim that S is a cover of V; 
using A. Let (x; u) E VI;, where x is a (r - 1)tuple. If x is the zero vector, 
then (x; y) = s0 + ye,.. If x is not the zero vector, then there exists a /3 # 0 
such that /3x has a 1 as its first nonzero component. By the pigeonhole prin- 
ciple, the equation p-‘i +j== y (mod p) must have a solution with 
0 < i < t - 1 and 0 < j < p - t. Thus we use the vector sj and the column 
(/lx; 2-y to cover (x; y). Now, Theorem 2.1 implies ci(n, p) < 
(p-t + 1)p”-‘. I 
One notes that with t = 2, p = 3, and r = 3 we obtain a(9, 3) < 2 . 36. As 
another example, let us consider the case p = 5. Using a Hamming code, we 
have 0(6,5) = 54. Thus, when i > 0, we have the trivial bound a(6 + i, 5) < 
5 4+i which implies ~$31, 5) < 529. However, using a Hamming code again, 
0(31,5)=5 . *’ It is of interest to see how the extra factor 5 disappears for 
6 < n < 3 1. Theorem 2.2 provides a partial answer because it gives the 
following sequence of bounds: a(7,5) < 5 . 54, a(13,5) < 4 . 5 lo, a(19,5) < 
3 a 5i6, a(25, 5) < 2 . 5**, and ~(31, 5) < 528. 
An improved bound for u(7,3) is also obtained by using the method of 
Theorem 2.1. From a computer search, we found that the set S = { (0, 1,2, 2), 
(0,X2,1), (LLLO), (1,2,1,2), (2,0,0,0), (2,0,0,1), (2,0,1,1), 
(2,0, 2,0)} covers Vi using the matrix, 
Thus 0(7,3) < 8 . 37-4 = 216. 
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3. A SEQUENCE OF CASES MEETING THE RODEMICH BOUND 
We first prove the following inequality: 
THEOREM 3.1. a(n, kt) < o(n, k)t”- ‘. 
Proof. To each ordered pair (x, y) with x = (x,, x2,..., x,) E Vi and y = 
(y,, y *,..., y,) E I’:, we associate the unique point (x, y) = z = 
(z,,z2...., zn) E Vi, by zi = xit + yi. Let W, be a covering of Vi. We define 
W,,=((x,y)E V,1,/xE W,and ~~+y,+...+y,-O(modt)}. 
It is clear that 1 W,, 1 = 1 WI . t”-’ and it covers Vc,. 1 
COROLLARY 3.2. If q is a prime power, then a(q + 1, qt) = qqp1t9. 
ProoJ: The Hamming code gives o(q + 1, q) = q9- I. From Theorem 3.1 
we obtain o(q + 1, qt) < q9-‘tq. Rodemich’s inequality, however, implies that 
a(q + 1, gt) > q9-‘t9. 1 
4. ANOTHER INEQUALITY 
We first prove the following inequality. 
THEOREM 4.1. If p is a prime, then a(np + 1, p) < a(n, p)~“‘~-“. 
ProoJ: Let W be a covering of Vi by rook domains. We shall construct 
an(Iz+l)by(np+l)matrixAandasetScV,”+’suchthat/S1=lWIand 
S covers Vi+’ using A. The set S is {(x; 0) 1 x E W}. The matrix A is 
A= 
In In 21, ... (p-l)I, ” 
0 ’ 
0 . ..o 1 . ..I I...1 1 . . . 1 1 i 
where I,, is the ~1 x n identity matrix. One can now easily verify that S 
kcovers Vi” using A. m 
EXAMPLE 4.2. Using the fact that ~(3, 3) = 5, Theorem 4.1 implies 
~(10, 3) < 5 . 36 which is less than the trivial bound 6 . 36 obtained from 
using the fact ~(9, 3) < 2 . 36. 
EXAMPLE 4.3. Using o(3, 5) = 13, Theorem 4.1 implies 
0(16,5) < 13 . 5r2. Trivially, we now have a bound 0( 19, 5) < 13 . 5 I5 which 
is better than the bound given in Section 2. 
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